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A Graphic Procedure for Obtaining Average 
Molecular Weights from a Chromatogram 

M. SCHRAGER, Shell Chemical Company, 
Plastics and Resins Technical Center, Woodbury, New Jersey 08096 

Synopsis 
A simple graphic method is described for obtaining average molecular weights of a 

continuously distributed polymer from its GPC chromatogram. The method is based 
on the assumption that the weight distribution of the polymer may be approximated 
by a Schulz distribution. As an example, a polystyrene sample is analyzed graphically, 
and the results are compared with the traditional method of calculation. 

INTRODUCTION 
It is well known that the weight concentration of a solute in a dilute 

solution is in many cases' found to be 

n, - nl 
c, = - 

n - nl 
where cu, is the weight concentration in grams per cm3 of solution and 
is the refractive index. The subscript s and 1 refer to the solution and 
solvent, respectively, and the parameter lacking subscripts refers to the 
solute (eluent). 

Inherent in eq. (1) is the assumption that the densities of the solution, 
solute, and solvent are equal and that the Gladstone-Dale equation holds 
for the system.' 

The difference between the index of refraction of the solution and the 
solvent, (n, - nl), is proportional to the height of the chromatogram, 
R(V) .  This assumes a linear relationship between the input signal and 
the output of the recorder. 

From this, the area under a chromatogram peak can be expressed as 

A = lm R(V)dV = kw,(n - nl) (2) 

where w I  is the total weight of solute and the constant k is independent 
of eluent species. 

In  general, the output signal of a chromatograph, R(V) ,  due to a mono- 
dispersed solute appears as a Gaussian peak, which can be expressed as 
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where the constant At has been evaluated in eq. (2) and u2 is the variance 
of the peak. 

However, a polymer generally appears as a material consisting of a con- 
tinuous spectrum of particles of varying molecular weights. For this 
system the equation for its chromatogram is a generalization of eq. (3)) 
and is found to be 

Generally, for polymers, n is essentially independent of molecular weight ; 
w ( M ) ,  the weight distribution, can be represented by any of a number of 
approximate functions. While eq. (4) is a rather cumbersome integral 
equation, its solution should reproduce the curve R ( V )  for all V. 

Tung, in a series of p a ~ e r s , ~ J * ~  has attempted to solve an integral equa- 
tion equivalent to eq. (4) by making the assumption that the variance is 
a constant. Despite the known inaccuracy in such an assumption, he 
wm able to obtain reasonable results. This suggests that a simpler ap- 
proach is often justified. 

The common method of calculating the weight+ and number-average 
molecular weights from the chromatogram involves either a numerical 
integration or a large number of height measurements to solve the ex- 
pression~~ 

A rapid method 
above procedure. 

has been found to resolve this problem and avoid the 
Surprisingly, despite the assumption that the polymer 

can be represented by a Schulz distribution, the results compare well 
with other, more elaborate, methods. 

EXPERIMENTAL 

The Waters gel permeation chromatograph was used at a temperature 
Narrow fractions of polystyrene (gw/fl,, < 1.06) were eluted 

Figure 1 presents the 

A typical commercial sa.mple of crystal polystyrene was eluted, and 

of 135°C. 
in trichlorobenzene at  a flow rate of 1 ml/min. 
calibration curve obtained. 

the chromatogram obtained is shown in Figure 2. 

DISCUSSION 

A convenient equation which may be used to approximate a continu- 
ously distributed polymer is the Schulz distribution6: 
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where I' is the gamma function and m and p are constants which charac- 
terize the distribution. 

For example, the 
R-th average molecular weight, for the above distribution, reduces to 

The form of his equation is rather convenient. 

C N , M t R  - (m + R - 1) M -  - 
- CN,nl,"-1 P 

Thus, 

By a similar calculation, 

The w(M) can be related to w(V) through a knowledge of the chromato- 
Benoit' has shown that a universal calibration gram's calibration curve. 

curve can be obtained having the form 

where A and B are constants varying from column to column; [q]  is the 
intrinsic viscosity of the polymer and is related to the viscosity-average 
molecular weight by the well-known expression [ q ]  = kMna. The constant 
a is a function of solvent, solute, and temperature. Generally, for good 
solvents, a - 0.75. The universal calibration relationship, eq. (9)) can 
therefore be expressed as 

Equation (10) can be expressed in a more revealing form by solving for 
the weight-average molecular weight. This yields 

10gm - ~ (. - logk 
" - l + a  

Both a and k are independent of molecular weight and depend only on the 
eluent components and conditions. The term log [r(m + a + 1) (m + 
l)l-a/I'(m + 2)] approaches zero for all realistic values of m (i.e., m > 
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2 -  

0.11 or, equivalently, DW/iV,, < lo), assuming reasonable values for 
a (a > 0.7). Therefore, eq. (11) predicts that for a wide range of conditions, 
a linear relationship exists between log iVw and the elution voIume V. 
This has been observed in numerous cases. 

For polystyrene, a reasonably linear correlation exists between log a, versus V. It is then logical to mume that the weight-average mo- 
lecular weight of a polymer corresponds to the peak elution volume. Thus, 
BW can be determined by inspection after proper calibration with narrow 
fraction polymer of known molecular weight; can be found from the 
following relationship : 

1031 I I I I I I I I I I I 
90 100 110 120 130 140 150 160 170 180 igo 200 

Fig. 1. Calibration curve for polystyrene in trichlorobensene at 135'C. 
Elution Volume ( m l )  
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h 

c 

2 s i 

where b is a constant, typically 1,2,3,4,. . . or 1, +, $, f,. . .. Since 
for a continuous polymer distribution the vertical displacement is pro- 
portional to the grams of material present, 

ii 
I I I I I I I I I 1 

Therefore, a graph of R(XW)/R(bnw) versus (b - 1 - In b) should 
yield a straight line on semilog paper with a slope equal to m/2.3. From 
this, using the relation for g,, in eq. (7), the number-average molecular 
weight can be determined, as well as any other weighted average. 

RESULTS 

Figure 2 presents a chromatogram of a typical polystyrene sample. 
a,,, Table I presents a simple method of analyzing this chromatogram. 

TABLE I 
Sample Calculation to Determine the Points in Figure 3 

b ( b - 1 - l n b )  b@w bV R(bV) R(bMw) 
R(@z)/ 

1 0 2 . 1  x 106 126.0 41 1.00 

0.433 0 .7  X 106 139.5 31 1.32 a 0.64 0.525 X 106 142.0 26.5 1.55 
0.81 0.42 X 106 143.5 23.0 1.78 

6 0.194 1.05 X lo6 136.5 37 1 . 1 1  

is P 0.96 0.35 x 105 145.0 20.5 2 .0  
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1.0 I/ I I 1 I I I I 
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.2 

(b - 1 - In b) 
Fig. 3. Graphical procedure for determining m. 

in Figure 2. The ratio of peak heights, R(iVw)/R(biVw), is then plotted 
as a function of (b  - 1 - In b)  as in Figure 3. As shown by eq. (13), 
if the polymer can be approximated by a Schulz distribution, then the 
data should plot rn a straight line passing through the (1.0, 0) point. For 
the chromatogram presented here, this is indeed the case. From the 

TABLE I1 
Comparison of Results Obtained Graphically with Those 

Obtained by the Peak Height Method 

Graphic results Peak height results 

B W  

B?z 
2 . 1  x 105 
8.75 X 10' 

Bz 3.32 X lo6 
Q 2 . 4  

2 .1  x 106 

5 . 0  X 105 
2 .3  

9 .1  x 104 

slope of the line, m is found to be 0.71. Using this value, a number of the 
parameters used to characterize polymer distributions have been calcu- 
lated, using eq. (7)) and are compared in Table 11, with a peak height 
method of solution shown in eq. (5). As can be seen, the method of 
solution outlined above gives reasonable values rapidly. 

tion of this paper. 
The author wishes to thank Dr. H. Coll for his valuable suggestions in the prepara- 
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